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ABSTRACT
An analytical procedure is presented for determining the transient response of
simply supported, rectangular laminated composite plates subjected to impact loads
from airgun-propelled or dropped-weight impactors. A first-order shear-deformation
theory is included in the analysis to represent properly any local short-wave-length
transient bending response. The impact force is modeled as a locally distributed load
with a cosine-cosine distribution. A double Fourier series expansion and the
Timoshenko small-increment method are used to determine the contact force, out-of-
plane deflections, and in-plane strains and stresses at any plate location due to an
impact force at any plate location. The results of experimental and analytical studies
are compared for quasi-isotropic laminates. The results indicate that using the
appropriate local force distribution for the locally loaded area and including
transverse-shear-deformation effects in the laminated plate response analysis are
important. The applicability of the present analytical procedure based on small-
deformation theory is investigated by comparing analytical and experimental results
for combinations of quasi-isotropic laminate thicknesses and impact energy levels.
The results of this study indicate that large-deformation effects influence the response
of both 24- and 32-ply laminated plates and that a geometrically nonlinear analysis is
required for predicting the response accurately.
INTRODUCTION
The effect of low-speed impact damage on the compression strength of
laminated composite structures has been studied extensively by many researchers
over the past several years. Test data show that the compression strength of
composite structures can be reduced significantly by low-speed impact damage, even
if the damage is not detectable by visual inspection. Current damage-tolerance
design criteria for compression-loaded composite airframe structures are related to the
impact energy or tothe depth of the dent in the specimen caused by the impact event.
Many of the researchers who investigated the transient response of laminated
composite plates used either an airgun-propelled projectile or a dropped weight to
impact the specimens. The specimen support conditions were also different for many
of the investigations. For an airgun impact test, a projectile of a given diameter and
material is propelled at a given speed with a compressed-air apparatus to generate an
impact condition that simulates the impact of an aircraft structure by runway debris and
2hail stones. The dropped-weight impact test uses a weight of a given mass and
material dropped from a preselected height to generate an impact condition that
simulates the impact of the structure by a dropped tool. While the results of these
studies all indicate that low-speed impact damage can degrade the compression
strength of composite structures, there are enough differences in the results to indicate
that a consistent analytical representation of the response of a composite structure to
low-speed impact by a projectile or impactor is still needed. A consistent analytical
representation of the response of a composite structure impacted by a low-speed
impactor and the resulting initiation of damage in that structure should account for
different structural, impactor and laminate parameters. These parameters include
impactor mass, size and speed; specimen or target geometry, materials, laminate
stacking sequence, and boundary or support conditions; and the relative magnitudes
of the impactor and target masses. Earlier analytical studies that were correlated with
experimental results either focused on composite structures that were impacted by a
relatively large mass at low impact speeds (e.g., refs. 1-5) or on composite structures
that were impacted by a relatively small mass at high impact speeds (e.g., ref. 6).
In the present paper, an analysis procedure is presented for determining the
impact response of composite laminated plates. This procedure is general enough to
include all of the significant structural and impactor parameters. A first-order shear-
deformation theory is used in the analysis to represent properly any local short-wave-
length bending transient response phenomena that may occur. The impact force has
been idealized as a load that is locally distributed over a small area of the plate with a
cosine-cosine distribution. The size of the loaded area is determined by an iterative
procedure that accounts for the changes in the contact area between the impactor and
the plate as the dynamic response of the plate develops. The contact force, out-of-
plane deflections, and in-plane stresses and strains at any plate location due to an
impact force at any plate location are determined using a Fourier expansion and the
Timoshenko small-increment method. The analytical results are compared with
experimental data for [45/0/-45/90]ns quasi-isotropic laminates made from a graphite-
epoxy material system and subjected to low-speed impact by both airgun-propelled
and dropped-weight impactors. The influence of transverse-shear deformation on the
plate response is discussed for the two types of impactors. The effect of large
deformations on the response of 24-, 32- and 48-ply plates with two different types of
boundary conditions is also discussed.
THEORY
Governing Equations
The plate equations given by Whitney and Pagano !ref. 7) with first-order shear-
deformation theory are used for the present analysis. This first-order shear-
deformation theory accounts for transverse-shear deformations which can be
significant for impact problems. It has been shown by Sun and Lai (ref. 8) that the first-
order theory is adequate for describing a transient wave propagating in an anisotropic
plate subjected to an impulsive load. The transient displacement field is assumed to
be of the form
3u=u0(x,y,t)+Z_x (x,y,t)
v=v0(x,y,t)+Z_y (x,y,t) (1)
w=w(x,y,t)
where u0, v0 and w denote displacements of a point (x,y) in the plate mid-plane and
• x and _y are the rotations of the normals to the mid-plane about the y and x axes,
respectively (see Fig. 1). Reducing the equations of motion given in reference 7 to
their specially orthotropic form and adding the uniform initial stress resultants N_ and
N{_ and the foundation stiffness K as discussed in reference 2 results in the
equations
kA55_x,x+(kA55+N£) W,xx+kA44_y,y
+(kA44+N_)) W,yy+pz+Kw - PW
D11_x,xx+D66 _x,yy+(D12+D66)_y,xy
-kA55_x-kA55w,x = I_x
(2)
(D12+D66)_x,xy+D66_y,xx+D22 _y,yy
-kA44_y-kA44w,y = I_y
where differentiation with respect to time t is denoted by a dot and differentiation with
respect to x or y is denoted by a comma. The distributed load Pz is given by Sun
and Whitney (ref. 9). The shear correction factor k is taken to be equal to _2/12
(ref.7). The stiffnesses Aij and Dij and the inertias P and I are given by
[hi2
(Aij' Dij)=J.h/2 Qij(1, z2)dz i,j=1,2,6
[h/2
Aij=_.h/2 Cijdz
iJ=4,5 (3)
I) _'h/2(P, -
-1-h/2
p(1, z2)dz
4where Qij are plane-stress reduced stiffnesses and Cij are transverse shear
stiffnesses as defined in reference 7.
A simply supported, rectangular laminated plate of uniform thickness h, length a
and width b with a locally loaded area as shown in Fig. 1 is analyzed in the present
study. The boundary conditions for the analysis are given by
w = _x,x = 0 at x=0, a
(4)
w = _Fy,y = 0 at y=0, b
Dynamic Loading
The general solution for the harmonic vibrations which satisfy the boundary
conditions are given in reference 2 and can be expressed as
Wmn sin (ma---_)sin (-_-)eie)tw(x,y,t) g_
13
_Fx (x,y,t)= Xmn cos (_--_) sin (-_-) ei_t (5)
(x,y,t) = Ymn sin (ma---_)cos (_-) eio)t_Fy
The contribution of the rotatory inertia terms is small and can be neglected.
this assumption, substituting equation 5 into equation 2 yields
With
Wmn ][Lij] Xmn = [0]Ymn
where the symmetric coefficient matrix Lij is given by
Lll = (kA55+N£)(m_--_)2+(kA44+N_))(-_) 2- K- o_?nnP
(6)
L12 = kA55 (-_)
L13 = I_A4 (9___)
L22 = Dll (_!r_)2* D66 (__)2+ kA55 (7)
5L23 = (D12 + D66)(-_) (?)
L33 = D66 (?)2+ D22 (D___)2+kA44
The natural frequencies O)mn for the (m,n) free vibration modes of the plate are
obtained by setting the determinant of the coefficient matrix Lij equal to zero. The
eigenvectors associated with the natural frequencies are given by
Xmn = (L13 L23 L12 L33) Wmn
(L22 L33- L23 )
Ymn = (L12 L23 - L13 L22) Wmn
(L22 L33- L23)
(8)
when normalized by Wmn.
The dynamic response of the plate due to an impact load is transient in nature.
The solutions to the equations of motion can be separated into a function of position
and a function of time and expressed as (see ref. 2)
w(x,y,t)= 7_, 7_,
m=l n=l
Wmn sin m_x (n_y)(-3--) sin _--_- Tmn (t)
OO OO
_x(x,y,t)= T. 7_,
m=l n=l
Xmn cos (ma---_)sin (_--_) Tmn (t) (9)
OO (_o
_y (x,y,t) = 7_, 7_,
m=l n=l
Ymn sin (ma--m_)cos(2_.) Tmn (t)
where Tmn(t) is a time dependent generalized coordinate. Assuming that the
distributed loads can be expanded into generalized forces Qmn(t), the resulting
equation of motion can be expressed as (see ref. 2)
Tmn(t) + o,'?mnTmn (t) = Qmn (t) (10)
For zero initial displacement and velocity, the solution to equation (10) is given by
6Tmn (t)= Qmn ('_) sin _mn ( t- "_) dz (11)
For cases where the rotatory inertia I can be neglected, relatively simple
expressions can be developed for w(x,y,t),_x (x,y,t) and _y (x,y,t). If I = O, the
generalized force Qmn(t) can be expressed as
Qmn (t)= 4 Pz (x,y,t) sin (__m__)sin ( ) dx dy (12)
PabWmn
The relationship between the generalized force and the Fourier coefficients qmn for a
static load is given by (see ref. 2)
qmn
Qmn (t)= .p---W-_mn)
The coefficients
determined from
qmn for the Fourier series representation of the
(13)
load can be
p (x,y) sin (ma--m-_ ) sin (-_-)dx dy (14)
For a concentrated load located at any arbitrary point (_, TO, the coefficients qmn are
given by
qm n = -_-bZ sin (--_) sin (-_) (15)
where Pz is the total load. In reference 1, an impact force on a plate is modeled as a
concentrated load acting at the center of the plate. This model results in a contact
force that is applied over an infinitesimal area, which means that the normal shear
force at the center of the impact area will be unbounded. The impact force can be
modeled so that the contact force due to the impact is applied uniformly over a small,
but finite, area. For such a loading condition, which is distributed over a rectangular
area uv with its center at any arbitrary point (E,,TI) as shown in Figure 1, the
coefficients qmn are given by
qmn- 16 Pz sin (--_)sin (-_)sin (_a) sin (_-bv)
_2mnuv
(16)
7If the impact force is modeled to have a cosine-cosine distribution over the rectangular
area uv as shown in Fig. 1, then the qmn are given by
qmn =
qmn = 0
4Pz sin (-_)sin (n--_ ") c°s (_au) c°s (_b V) m 1 n 1
abu2v2 (-_-1)(m + 1) (_n.lv) (_n+ 1) a ;_U-'b- _ _
(17)
rn =1n=_!_
a U'b v
Using equation (13) with equations (5), (8), (9) and (11) results in expressions for the
deformations of the plate subjected to transient impact loads which are given by
n=y
oo oo qmn sin (ma---_) sin (:__z_) f:
w (x,y,t) - 1 7_, 7_, F ('_)sin O)mn (t - "_)d'_ (18a)
Pm=l n=l O_mn J0
_x (x,y,t) = 1 7_, 7_,
Pm=l n=l
(L13 L23 - L12 L33)
L22 L33 - L23
qmn cos (a-n-m_)sin (-_)
_mn
F ($) sin o)mn (t- '_)d'c (18b)
_y (x,y,t) _1_7_,
= Pm=l n_l
(L12 L2:3- L13 L22)
L22 L33- L23
qmn sin (ma---_) cos (-_-)
COmn
X F ('c) sin (omn(t - '_)d't (18c)
The bending strains Cx, Cy and Yxy and the normal shear forces Qx and Qy at any
point on the plate can be calculated using equations (18) and kinematic relations.
Impact Load
By computing the impact force from the deceleration of the impactor mass, the
response of a rectangular plate subjected to an impact load can be obtained. By
assuming that the vibration of the striking mass can be neglected, Timoshenko (ref. 10)
8obtained the fundamental integral equation of motion for a rigid impact between a
mass and a beam as
v0t- _- dt F dt = w1(c,t) (19)
In the above equation, v0 is the initial velocity of the impactor, m2 is the mass of the
impactor, Wl(C,t) is the transient response of the beam at the impact point as a
function of time and F is the contact force. Goldsmith (ref. 11) extended equation (19)
to include the effect of a flexible impactor to give
o_= w2 -w 1 (c,t) = v0t- _ dt F dt- w l(c,t) (20)
where the relative approach (_ is the distance that the impactor and the target
approach one another because of local compression at the point of impact, w2 is the
displacement of the impactor and Wl(C,t) is the deflection of the structure at the
contact point c as shown in Figure 2. The impact force F and the relative approach
or contact deformation (z are related by the Hertz law for the impact of two bodies of
revolution which is given by
F= s (z3/2 (21)
Substituting equation (21) into equation (20) results in
IF 1 2/3 = vot. m2 dt F dt-Wl(C,t) (22)
where s is the contact stiffness parameter, which depends on the material and
geometric properties of the plate and the impactor and is given by
s= 4 _R 1 (23)
3_ (K 1 + K2)
where R1 is the radius of the spherical indenter or impactor.
target are isotropic, the parameters K1 and K2 are given by
If the impactor and the
1-V_l 1-v22 (24)KI= ; K2=_
E1 = E2
9where Ei and vi represent the Young's moduli and Poisson's ratios, respectively,
and the subscripts 1 and 2 refer to impactor and target, respectively. If the target is
transversely isotropic, then K2 is given by (see ref. 12)
K2 = Y-A22 {(1fAll A22 + Gzr )2_ (A12 + Gzr )2} 1/2 (25)
2_l/--Gzr (A11 A22 - A12 2)
where
A11 = Ez (1 - Vr)13; A 12 = Er Vzr 13
Erl3(1 - Vzr2 8) 1 _ ErA22= ; 13= ;8--- (26)
(1 + Vr) (1 - Vr - 2 Vzr2 (5) Ez
and the symbols Ei, Gij and vij represent the Young's moduli, shear modulus and
Poisson's ratios of the target, respectively. Subscripts r and z refer to the radial and
thickness directions, respectively, and z refers to the direction of the impact. Thus, v r
is the in-plane Poisson's ratio.
For the case where the impact force is modeled as a cosine-cosine distributed
load over a local rectangular area of size uv, the transient response w(x,y,t) is given
by
oo oO
w (x,y,t) = 4 T.
mlu2v2m=l n_l
sin (--_) sin (-_-)
O)mn
X (y u,  ,sin (-_--) sincos cos m_x (___)=it
where ml
F ('c) sin o.)mn(t- '_)d'_
results in a single nonlinear integral equation in terms of the contact force
the plate and the impactor
(27)
is the mass of the plate. Substituting equation (27) into equation (22)
F between
10
OO (>o
4 T.T.
mlu2v2m=l n=l
(n=q)sin (__m__)sin "T
mmn
sin (atm--_)sin (n_y) cos (-_aU) cos (-_VbV)
"bX
F ('c) sin mmn (t- _) d_ (28)
which is solved numerically by applying the small-increment method suggested by
Timoshenko (ref. 10). The finite difference procedure given by Chou and Mortimer (ref.
13) has been modified and incorporated into a computer code with the Timoshenko
small-increment method to conduct the analyses for the current study.
Size of Area for Locally Distributed Load
The analysis used in the current study is general enough to represent load cases
where the load is modeled as a point load, as a local load distributed uniformly over a
rectangular area of size uv, or as a local load distributed over a rectangular area of
size uv by a cosine-cosine function. The center of the areas of the distributed loads
can be located at any arbitrary point. Since the model with the cosine-cosine load
distribution more closely represents the physical problem and, hence, will provide a
better comparison between analytical and experimental results, all results presented
in the current paper are based on the local cosine-cosine load distribution.
Most previous investigators represented the impact force in their analytical
models by a local load that is uniformly distributed over a square with side dimensions
equal to the radius of the impactor. This approximation is not a true representation of
the size of the area over which the actual load is distributed, and leads to errors in
strains in the vicinity of the impact site. Hence, in the present study, the size of the
loaded area uv is determined by using an iterative approach. Since only spherical
impactors are used in the experimental study, it is assumed that the loaded area can
be approximated by a square, i.e., u = v. In this iterative approach, an initial analytical
iteration is conducted with u and v values corresponding to the footprint of a given
impactor on the target with no applied contact force. The maximum value of the
contact force and the corresponding value of the relative approach o_ is estimated for
these initial values of u and v. The size of the loaded area for the next iteration is
calculated from this maximum value of (z using
u = v = 2Y O_max (2R1 - O_max ) (29)
11
This procedure is continued until converged values for u and v are obtained. The
final calculations for the contact force, deflections and stresses use the final values of
u and v. Converged values of u and v are generally obtained within three or four
iterations.
Convergence Studies
It was shown in reference 14 that a relatively large number of modes is required
to obtain converged surface strain values for a point that corresponds to the impact site
on the plate surface opposite to the impacted surface. A convergence study was
conducted for the present investigation using the dimensions of the test specimens
and arbitrary impact site and strain locations to account for variations in the test
parameters. The results of this convergence study suggest that using 150 terms in the
Fourier expansion in the x direction and 300 terms in the Fourier expansion in the y
direction will ensure converged strain results in the analysis. All analysis results
presented in the present paper are based on values of m equal to 150 and n equal
to 300 for the modes included in the solution. A value of 1 I_sec is used for the time
increment in the transient analysis for most of the analytical results for the airgun
impact studies. A value of 10 _sec is used for the time increment in the transient
analysis for the dropped-weight impact studies.
EXPERIMENTS
Test Specimens
The specimens tested in this investigation were fabricated from commercially
available unidirectional graphite fiber tapes preimpregnated with an epoxy resin.
Hercules, Inc. AS4 graphite fibers and Hercules, Inc. 3502 epoxy resin were used in
this study. The mechanical properties for the AS4/3502 graphite-epoxy material
system are as follows: longitudinal extensional modulus, E1=20.0 Msi; transverse
extensional modulus, E2=1.30 Msi; in-plane shear modulus, G12=0.87 Msi; transverse
shear moduli, G23=0.51 Msi and G13=0.87 Msi; and major Poisson's ratio, v12=0.3.
Unidirectional tapes were laid up to form 24-, 32- and 48-ply [45/0/-45/90]ns quasi-
isotropic laminated plates and cured in an autoclave using the resin manufacturer's
recommended procedure. The resulting plates were ultrasonically inspected to
establish specimen quality and then machined into 5-in.-wide by 10-in.-Iong
rectangular specimens. The identification of commercial products in the present paper
is intended to describe adequately the test specimens and does not constitute
endorsement, expressed or implied, by the National Aeronautics and Space
Administration.
Apparatus and Tests
Knife-edge supports were used to provide simply supported boundary conditions
for the test specimens. The knife-edge supports were attached to each edge of the
specimens at locations 0.25 inches in from each edge. Each specimen was impacted
on one surface at the specimen center by either an airgun-propelled or a dropped-
weight impactor. The airgun used in this study is based on the airgun described in
Reference 15. The airgun-propelled impactors were 0.5-in.-diameter aluminum or
12
steel balls that were propelled at the specimens with a given speed. The dropped-
weight impactor consisted of a 2.6-1b dropped-weight assembly with an instrumented
tup and 0.5- and 1.0-in.-diameter steel impactor tips. For the dropped-weight impact
tests, the dropped-weight assembly was raised to a desired height and then released
to impact the specimen. All specimens were instrumented with electrical resistance
strain gages mounted on the specimen surface opposite to the surface to be impacted
as shown in Figure 3. Force and strain gage data were recorded using a digital
storage oscilloscope.
RESULTS AND DISCUSSION
The analytical and experimental results of this study are presented and compared
in this section. Analytical results are presented for 4.5-in.-wide by 9.5-in.-Iong plate
models since the knife-edge supports for the test specimens are located 0.25 inches in
from the actual specimen boundaries. Thus, for a perfect central impact, the
coordinates for the impact site are x = 2.5 in. and y = 5.0 in. as shown in Figure 1.
The analytical formulation presented in a previous section is for specially orthotropic
plates where the coupling stiffnesses D16 and D26 are assumed to be equal to zero.
The D16 and D26 terms are not equal to zero for quasi-isotropic specimens, but they
are neglected in the analysis since they are small.
Effect of Size of Area for Locally Distributed Load
As indicated in a previous section, the size of the area of the locally distributed
load influences the predicted response considerably and an iterative approach has
been used in the present analysis procedure to estimate the correct loaded area size.
The converged value for the predicted loaded area size is verified for both the airgun-
propelled and dropped-weight impact cases by comparing the predicted values with
the measured values. The results for a 48-ply quasi-isotropic laminate impacted by a
0.5-in.-diameter steel impactor with increasing impact speeds are presented in Figures
4(a) and 4(b) for airgun-propelled and dropped-weight impactors, respectively. The
correlation of the results is very good. The analytical and measured strain results for
an airgun-propelled 0.5-in.-diameter steel ball with 2.18 ft-lb of impact energy are
compared in Figure 4(c) as a function of time to illustrate the errors associated with the
use of an arbitrary 0.25-in.-square loaded area size. The strain magnitudes obtained
using an iteratively determined loaded area size compare very well with the
experimental results for strain gage location 3 in Figure 3. The analytical results
obtained with an arbitrary 0.25-in.-square loaded area size underestimates one of the
strains by about 40 percent.
In-plane Strains
Controlling the trajectory of an airgun-propelled or a dropped-weight impactor
well enough to strike a specimen precisely at the desired impact site has proven
difficult to accomplish in the laboratory with currently available equipment. In practice,
the impact site location is not necessarily at the center of the plate and the strains and
deflections of interest may be at any plate location. The present analysis is capable of
predicting the deflections and strains at any plate location caused by an impact event
at any plate location. By providing the measured impact-site and strain-gage
locations, it is possible to calculate the plate transient response. An airgun-impact
13
example with an off-center impact-site location is used to demonstrate this capability of
the present analysis. A 0.24-in.-thick AS4/3502 graphite-epoxy plate is impacted by a
0.5-in.-diameter aluminum ball with an impact speed of 124.1 ft/sec at x = 1.95 in. and
y -- 4.75 in. (near strain gage 3 in Fig. 3). The corresponding experimental and
analytical strain results are compared in Figure 5. The maximum strain is tensile and
is measured by strain gage 3 near the impact site. The strain measured by strain gage
1, which is farthest from the impact site, is first compressive and then tensile as time
increases. The strain measured by strain gage 2 has values of strain that are between
the strains measured by strain gages 1 and 3. Comparing the predicted and
measured strain data shown in Figure 5 indicates that the present analysis can predict
the in-plane strains at any arbitrary point on the plate for off-center impact sites with
reasonable accu racy.
Transverse-Shear-Deformation Effects
The longitudinal strains on the surface opposite to the point of impact for a 0.5-in.-
diameter steel airgun-propelled impactor with 1.05 and 1.60 ft-lb of impact energy are
shown in Figures 6(a) and 6(b), respectively, as a function of time. For the laminate
subjected to 1 ft-lb of impact energy, the analytical strain results with and without
transverse-shear-deformation effects coincide with one another and also with the
experimental data represented by the open symbols for the first 10 _sec. The data
after 10 I_sec indicate that the phase of the analytical strain profiles with and without
transverse-shear-deformation effects are significantly different because of the natural
frequency reduction associated with including transverse-shear-deformation effects in
the analysis. Although the magnitudes of the differences in strain between the
experimental and analytical results with transverse-shear- deformation effects indicate
a large discrepancy, the phase difference is negligible. The strain magnitudes are
very sensitive to the location of the impact site, and part of this difference in strain
magnitudes is attributed to the difficulty in measuring the exact impact-site location for
the airgun experiments. The longitudinal strain results (strain gage 2A in Fig. 3) for a
laminate subjected to an impact energy level of 1.60 ft-lb is shown in Figure 6(b)
where the experimental and analytical results correlate well when transverse-shear-
deformation effects are included in the analysis. The out-of-plane deflection profile
corresponding to the 1.05 ft-lb impact energy level is shown in Figure 6(c). This curve
corresponds to the time at which the maximum longitudinal strain occurs in the plate
and indicates the local nature of the plate deflection for this impact case. Even for this
relatively small impact energy level, the ratio of the deflection half-wave length _. to
the plate thickness h is equal to 11. The value for the ratio X/h decreases for
increasing impact energy levels and the value of this ratio corresponding to 2.18 ft-lb
of impact energy is equal to 8.1. Even for isotropic materials, transverse-shear
deformations affect the results by approximately 5 percent for a 2#h ratio equal to 10
(ref. 16). The results presented above are consistent with the observation that
classical plate theory is generally in error for _h ratios less than 20 for specially
orthotropic laminates and indicate that it is important to include transverse-shear-
deformation effects in the airgun impact analysis. Transverse-shear-deformation
effects cannot be neglected for laminated plates subjected to impacts as was
suggested in reference 6.
The longitudinal strain results for plates subjected to dropped-weight impact
energy levels of 2.18 and 3.0 ft-lb are presented in Figures 6(d)-6(f). A 0.5-in.-
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diameter steel impactor was used for the 2.18 ft-lb impact energy case and the strain
results measured by a strain gage rosette located on the surface (see Fig. 3) opposite
to the point of impact are compared with the analytical results shown in Figure 6(d) by
the solid curves. These results indicate that the response due to the dropped-weight
impactor occurs over a much longer time period than the response due to the airgun-
propelled impactor and that transverse- shear deformations do not have a significant
effect on either the magnitude or the phase of the strain response for this case. The
phase is minimally affected since the impactor mass is large relative to the target
mass. The axial strains for a 3.0 ft-lb dropped-weight impactor energy level associated
with impactors with different impactor-tip diameters are shown in Figures 6(e) and 6(f).
Transverse-shear deformations influence only the magnitude and not the phase of the
response for cases with 0.5-in.- and 1-in.-diameter impactor tips suggesting that
transverse-shear-deformation effects become important as the impact energy level is
increased. The X/h ratios calculated from the out-of-plane deflection curves
corresponding to the 2.18 and 3.0 ft-lb impact energy levels are 16 and 15,
respectively. Although these ratios are larger than the XJhratios for the airgun impact
cases with lower impact energy levels, transverse-shear-deformation effects still
appear to be important for the 3.0 ft-lb impact case. Since the results of the analysis
with transverse-shear-deformation effects included provide better correlation between
the analytical and experimental results for both the airgun and dropped-weight impact
tests, all subsequent analytical results presented in the present paper have been
determined with transverse-shear-deformation effects included. The need for
including transverse-shear-deformation effects in the analysis for the specially
orthotropic laminates considered in the present paper is well documented (e.g., refs. 8
and 16).
Large-Deformation Effects
Nonlinear effects associated with large deformations can influence the plate
response if the out-of-plane deflections are a significant percentage of the plate
thickness or if the boundary conditions restrain the in-plane deflections enough to
contribute to the membrane strains. Increasing the magnitude of the impact speed can
cause large deformations if the plate is thin enough. The effects of geometric
nonlinearities are negligible for a simply supported 48-ply quasi-isotropic laminate
subjected to either an airgun-propelled or a dropped-weight impactor if the impact
energy level is less than 4.0 ft-lb, which is the threshold impact energy level for which
damage is initiated in the plate. The maximum out-of-plane deflection w for such a
plate subjected to an impactor with 4.0 ft-lb of impact energy is less than 0.2 times the
plate thickness h for a dropped-weight impactor and is approximately 0.063 times the
plate thickness for an airgun-propelled impactor. The results of the present study
indicate that a dropped-weight impactor with an impact energy level below the 4.0 ft-lb
threshold causes the largest out-of-plane deflection and, hence, suggest that
nonlinear effects are likely to be more pronounced for a dropped-weight impact case.
As a result, only dropped-weight impact cases are investigated further in the present
paper. The predicted strains in the longitudinal and lateral directions for a 48-ply
(0.25-in.-thick) laminate subjected to a 4.0 ft-lb dropped-weight impactor are compared
with the experimental results in Figure 7(a). The correlation between the experimental
and analytical results is very good. For plates that are thinner than 0.25 in., however,
the applicability of the present small-deformation theory could be limited since the w/h
ratio will typically be larger for the thinner plates than for the 48-ply plate and will
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increase for increasing impact energy levels. To identify these limitations, a dropped-
weight impact study was conducted for 24- and 32-ply quasi-isotropic laminated plates
subjected to increasing impact energy levels. The results of this study for simply
supported 24- and 32-ply-thick, 5-in.-wide, 10-in.-Iong graphite-epoxy plates are
expressed in terms of the w/h ratios and presented in Figures 7(b) and 7(c) as a
function of impactor speeds for impact energy levels up to 4.0 if-lb. The w/h ratios are
less than 0.7 for the 32-ply (0.166-in.-thick) specimens and are as large as 1.2 for the
24-ply (0.128-in.-thick) specimens. Large-deformation effects are expected to
influence the plate response for w/h ratios greater than 0.5.
The measured and predicted longitudinal strain results for dropped-weight
impact cases are presented in Figures 7(d) and 7(e) for the 24-ply specimens and in
Figures 7(f) and 7(g) for the 32-ply specimens. The predicted results are represented
by the curves and the measured results are represented by the symbols. For the 1.0 ft-
Ib impact energy case, the correlation between the predicted and measured strains is
very good. As the impact energy level is increased to 2.18 ft-lb, there is a discrepancy
between the measured and predicted strains for both the 24- and the 32-ply
specimens. This discrepancy is due to membrane effects that influence the deflection
and, hence, the in-plane strains of the plates. The value of the w/h ratio for the 2.18 ft-
Ib impact energy case is equal to 0.43 for the 32-ply specimen and is equal to 0.75 for
the 24-ply specimen. The difference in the measured and predicted strains is
approximately 13 percent for the 24-ply specimen and approximately 8 percent for the
32-ply specimen. The differences are 14.5 percent and 10 percent for the 24-ply and
32-ply laminates, respectively, for the 3.0 ft-lb impact energy case. The differences
between the present small-deformation-theory results and the experimental results for
the 4.0 ft-lb impact energy case are 28.5 and 22.5 percent, respectively, for the two
laminates. The values of the w/h ratios for 24- and 32-ply laminates for the 4.0 ft-lb
impact energy level is 1.20 and 0.68, respectively. These results indicate that, even for
simply supported boundary conditions, an impact energy greater than 3.0 ft-lb would
require an analysis to include large-deformation effects in order to be accurate for
quasi-isotropic laminates thinner than the thickness of a 32-ply specimen.
The influence of boundary conditions on the nonlinear response of both 24- and
32-ply quasi-isotropic laminated plates has been determined experimentally. The
response of plates with all four edges simply supported is compared with the response
of plates with the two long sides simply supported and the two short sides clamped in
Figure 8. The longitudinal strains on the surface of the plate opposite to the impact site
for 24-ply specimens and for the two sets of boundary conditions are compared in
Figure 8(a) for 1.0 and 2.18 ft-lb of impact energy. For the 1 ft-lb impact energy level,
the maximum difference in the longitudinal strain magnitude between plates with
different sets of boundary conditions is 17 percent. This difference for the 2.18 ft-lb
impact energy level is 26 percent. The corresponding results for 32-ply specimens are
presented in Figure 8(b). The differences in strain magnitudes for the 32-ply
specimens are smaller than the differences in strain magnitudes for the 24-ply
specimens. The membrane strain results from gages 2A and 2B shown in Figure 3 for
the two impact energy levels are presented in Figure 8(c) for 24-ply specimens. The
results indicate that the membrane strains for plates with two sides simply supported
and two sides clamped are much higher than the corresponding strains for plates with
all four sides simply supported. These results indicate that nonlinear effects and
proper boundary conditions should be accounted for when studying the impact
response of composite laminates.
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CONCLUDING REMARKS
An analytical procedure has been developed for determining the transient
response of simply supported, rectangular laminated composite plates subjected to
low-speed impact loads and the procedure has been verified experimentally. A first-
order shear-deformation theory has been used for the analysis and the impact force
has been modeled as a locally distributed force with a cosine-cosine distribution. An
iterative approach has been used to determine the correct size of the loaded area
which is important for accurately predicting the impact response of composite plates.
The analysis method presented can predict the plate response at any plate location
due to an impact force applied at any plate location. Both airgun-propelled and
dropped-weight impactors can be represented by the analysis.
The influence of transverse-shear deformations on plate response for an airgun-
propelled impactor is to advance the phase of the impact contact force and surface
strain profiles even for low impact energy levels and to affect the magnitudes of impact
contact force and surface strains for higher impact energy levels. This behavior is due
to the short wave lengths of the local out-of-plane deflection associated with the impact
event which decrease with increasing impact energy levels. For dropped-weight
impactors, only the magnitude of the response is affected by not including transverse-
shear effects. The analytical results agree well with the experimental results when
transverse-shear effects are included in the analysis confirming the importance of
including these secondary effects when studying the impact response of composite
plates.
Nonlinear effects associated with large out-of-plane deformations are
pronounced for simply supported laminates that are thinner than a 32-ply laminate for
impact energies that are less than the impact energy necessary to initiate damage.
Large errors in the response predictions for the thinner laminates have been observed
if a small-deformation theory is used for the analysis. When two opposite edges of a
plate are clamped and the other two edges are simply supported, nonlinear effects are
more pronounced than when all four sides are simply supported. These results
indicate the need to include large-deformation effects and the appropriate boundary
conditions in the analysis of composite plates in order to predict their low-speed
impact response accurately.
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Fig. 5 Comparison of strain profiles for a 5-in.-wide by lO-in.-Iong graphite-epoxy
plate at three locations for an off-center airgun impact with a 0.5-in.-diameter
aluminum ball with 124.1 ft/sec impact speed.
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Fig. 7 Influence of large deformations on the impact response of 5.-in.-wide and
lO-in.-Iong laminated graphite-epoxy plates for increasing impact energy
levels.
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Fig. 8 Effect of boundary conditions and large deformations on the impact
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